MAGHMA: MAOHMATIKA KATEYOYN2HZ (37)

AOMH EZETAZTIKOY AOKIMIOY KAI EZETAZTEA YAH

Alapkela e¢Etaong: Tpeig (3) wpeg

Aopn €€eTaOTIKOU dOKIUioU Kal eTTIMEPOUG PaBuoAoyia:

To €€eTaoTIKO doKiplo atroTeAeiTal atrd duo pépn, To MEPOZ A" kai To MEPOZ B'.

To MEPOZ A" trepiAappaver 10 6éuata kai To MEPOZ B™ 5 B€uara.

KaBe Béua Tou MEPOYZ A” BaBuoAoyeital pe 5 povadeg evw kabe BEua tou MEPOYZ
B’ BaBuoAoyeital pye 10 povadeg.

O1 utroyneiol TTpéTTel va AUoouV Kal Ta 15 B€uara.

ZnMEIWOEIG: a) EmTpETTETAI N XPrAON UN TTPOYPAUMATI(OPEVNG UTTOAOYIOTIKAG

MNXavAg.
B) ©a xopnyeital TUTTOAGYI0O MaBnuATIKWV.

Fevikég TTOPATNPACEIG:

1.

2.

Eteidn n @uon Tou pabnuarog gival TéTola woTe KABE VEQ yvwon va oTnpideTal o€
TTPONYOUMEVN YVWOTHA UAN, TovideTal OTI 01 UTTOWN QIO OPEIAOUV VA YVWPICOUV TIG
Baoikég €vvoleg, 1010TNTEC KAl BACIKA BewprpaTa Twv EVOTATWY TToU d1IdAaxBnKav
OTIG TTPONYOUNEVEG TAEEIC, AAAG BV ouuTTEPIAQUBAVOVTAI OTNV £CETACTED UAN, yiaTi
TTOAU TBavOov N AUon KATTOIWY GCKACEWY VA ATTAITEI KAl YVWOEIG ATTO TIG EVOTNTEG
QAUTEG.

OT10U avagépetal dIATUTTWON OPICHUWYV Kal BEwpnuATWY, auTtd Ba diatuTTwvovTal
OTTWG €ival oTa OXOAIKA gyXelpidia €ékdoong 2019.

Epappoyég Tou AlagpopikoU Aoyioou

1.

E@apuoyn Twv TTapaywywv oTnv €UpeEon TnNG €&iocwong €QATITOUEVNG KOl TNG
KAOETNG MIOG KAUTTUANG O€ OnuEio TnG.

. Oewpnuara (kavoveg) De L'Hospital. AloTUTTwoN Kal UTTOAOYICHOG Opiwv TToU

TTapoucidfouv aTTPoadIoPIoTIA TwWV HOPPWV %+—Z , KOl €Qapuoyr Toug oTnv

etTiAuon TTPoBAANATOC.

. Oewpnua Rolle. AlaTUTTLWON, YEWUETPIKI EPUNVEIQ KAl EQAPUOYR TOU OTNV £TTIAUCN

TTPOBAAMATOG.

Ocwpnua Méong TINAG Tou dIaYOPIKOU AoyICUOU. AIaTUTTWON, YEWUETPIKA Onuacia
KAl EQapuoyn Tou oTnv €1TiAucn TTPORANUATOG.



5. Opiopoi (Movotovia 2uvaptnong): [vnoiwg Augouca, Augouoa, [vnoiwg
®Bivouoa, PBivouoa, 21abepry, vnoiwg MovoTtovn kai Movdtovn cuvdpTtnon.
AlaT0TTWON KAl EQAPUOYK TOUG OTNV £TTIAUCH TTPORANUATOG.

6. Opiopoi (Akpdtata ZuvdapTtnong): Tommkd pPEYIOTN TIPRA ouvaptnong, ToTTKA
eAaxiotn Ty ouvapTtnong, ONIKA péyioTn Tiun Kal OAIKA eEAGXIOTN TIKF ouvaApTNONG.
AlaTOTTWONA Kal EQaPUOYr TOUG OTNnV €TTIAUCH TTPORARUATOG.

7. OeswpAuata povotoviag cuvaptnong (Kpimpia MovoToviag). 'vnoiwg augouoa,
Augtouoa, lvnoiwg @Bivouoca, ®Bivouoca, 21aBepry ouvdptnon. AloTUTTWON,
atTodEICN KAl EQAPUOYN TOUG OTNV £TTIAUCH TTPORARUATOG.

8. Oetwpnua Tou Fermat. AlaTUTTwon, ATTODEILN, YEWUETPIKY EPUNVEIQ KAl EQAPUOYN
TOU OTNV £TTIAUCT TTPORAANATOG.

9. Pecwpnua (Kpimpio Mpwtng Mapaywyou yia ToTTKA akpdtata). AlaTUTTwon Kal
€Qapuoyn Tou oTnV £TTIAUCT TTPOBARMATOG.

10.@cwpnua (Kpiripio Acutepng Mapaywyou yia ToTmkG akpoTtata). AlaTumtwon,
atmodeItn Kal EQapuoyr Tou oTnv £TTiAucn TTPOBAANATOC.

11.Opioudg KUPTAG — KOIANG cuvapTnong. MewuETPIKN epunveia.

12.@cwpnua (KpitApio yia Tnv KupTtétTnTa OoUvApTNOoNnG e Tn Bonbeia Tng deuTEPNS
TTapaywyou). AIaTUTTwon Kal EQApPOoYA Tou oTnv €1TiAucn TTPORARUATOG.

13.OpIou6Gg onuegiou KAPTTAG KAl EQAPPOYA TOU OTnV €TTiIAUCH TTPOBARUATOG.

14.@cwpnua (Kpimipio Agutepng Mapaywyou yia TNV e0pech TwWV CNPEIWY KAPTTAG
ouvaptnong). Eeapuoyr Tou otnv tmiAuon TTpoBARuaToG.

15.Opioudég 1S Katakdpueng, Opiovtiag kal TnG MNMAAGyiag acUUTITWTNG TNS YPAPIKNG
TTapdoTaong TG ouvaptnong y = f(x). Alarimmwon Kal €Qappoyr Toug oTnv
etTiAucn TTPoBAANATOC.

16.@cwpnua NG MAAGyIag aoUUTITWTNG TNG YPAYIKAG TTapdoTaocng TNG ouvapTnong
y = f(x). AlaTUTTWON KAl EQAPPOYHA TOU OTNnV £TTIAUCH TTPORARUATOG.

17.MeAETN KAl KATAOKEUN YPOPIKAG TTAPACTAONG CUVAPTACEWV.

18.E@apuoyn Twv BewpnudTwy yia Tn JovoTovia Kal Ta akpOTaTa auvapTnong aTnv
eTiAuon TTPOBANPATWY PE PEYIOTA Kal EAGXIOTA.

AVTIOTPOYESG TPIYWVONETPIKEG CUVAPTAOEIG

1. Opiopdg TWV QVTIOTPOPWYV  TPIYWVOMPETPIKWY OCUVOPTACEWV Yy = Toénux ,
y = toéovvx, y = t0éepx, y = 10é0@x (UE AvAPOPA OTO TTEDIO OPICHOU Kal OTO
OUVOAO TIJWYV TOUG). AlaTUTTWON KAl EQAPUOYK TOUG OThV £TTIAUCT TTPOBARKATOG.

2. Kataokeuy TnNG ypa@IikAG Tapdotacng Twv 1o TTavw  avrioTpopwyv
TPIYWVOUETPIKWY CUVAPTHOEWV.

3. Mapdywyol Twv avTioTPOPWV TPIYWVOUETPIKWY OCUVOPTACEWV. ATTOd€IEN Kal
EQapuoOyn Toug oTnV €1TiAUCN TTPORAAUATOG.



Abpi10TO OAOKARPpWHA

1.
2.
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AvaAuon pnTwVv aAYERPIKWY TTAPACTACEWY O€ ABPOIoUA ATTAWV KAAOUATWV.
EUpeon Ala@opikou cuvapTnong.

Evvoia Tng avTimapaywyou MIOG OuvapTnong Kal €Qapuoyrl oTnv €TmiAucn
TTPORAAUATOG.

Opiopog Tou adpIoTou OAOKANpwuaTog. AlaTUTTWON Kal €QApPoyr Tou OTnv
eTTiAucon TTpoBAAuaTOC.

EUpeon Baoikwv adpioTwv OAOKANPWHATWY CUVEXWY CUVOPTHOEWY TWV JOPPWV:

v+1 dx
+C, v+-—-1 f—=ln|x|+C fexdx=ex+C
v+1 X
1—+C favvxdx=nyx+€ frmxdx= —ovvx + C
na
teu’x dx = epx + C fareuzx dx = —opx+C freyxeqoxdx=reux+€
i +e dx £ x+C f dx 1 x+C
OTEUX 0PX dX = —OTEUX = t0énuU— - == Z
e g Vaz—xz Ma a2 a g

1816TNTEG TOU AOPIOTOU OAOKANPWHATOG.

o) [df(x) =f(x)+C

B) [a-f(x)dx = af f(x)dx, aoT0BePd

V) JIf0) £ g(0ldx = [ f(x) dx £ [ g(x) dx

AlaT0TTWON KAl EQaPUOYr) TOug aTnV €TTiIAUC TTPORARUATOG.

YT1roAoyIopoG TG oTaBepdc OAOKApwONG 0 TTPORANMATA APXIKWYVY TIWYV KOl
epapuoyn oTnv etmiAucn TTPOBAANATOG.
a) Eupeon oAokAnpwpdTtwy pe TN Bonbeia KAatdAANANG avTikatdoTaong Kai
epapuoyn oTnv etmiAucn TTPoRAANATOG.

B) Eupeon oAoKANPpWUATWY TWV TTIO KATW Hopewyv e Tn Bonbeia KatdAANANng
QVTIKATAOTACNG TToU Ba SideTal KAl EQAPPOYA TOUG OTNV TTIAUGN TTPOBAAUOTOC:

i [ f(xa?=p7x?)dx i. [ f(xa+ px7) dx
iii. ff( ﬁ) dx iv. ff(x, [B2x2 _az) dx

y) EUpeon  OAOKANPWHATWY  pNTWV  TPIYWVOUETPIKWY  OUVAPTACEWV
y = f(nux , ovvx) Y€ KATAAANAN avTIKOTACTOON KAl EQAPPOYA TOUG OTNV €TTIAUCN
TTPOBAAMATOG.



9. EUpeon oAOKANPWHPATWY PE TUTTOTTOINON BACIKWY PMOPPWY OAOKANPWHATWY Kal
epapuoyn otnv ettiAucn TTPoBAANATOC:

)Avff(x)dx=F(x)+C > [flax+p)dx==F(ax+p)+C
B) [fY(x) f'(x)dx = +C v#E-—1

fj%d =2Jf0) +C

')
ff()d =In|f(x)| + C

10.EUpeon OAOKANPWHATWY PE XPAON TNG HEBGBOU OAOKARPWONG KATA TTAPAYOVTES
Kal Epapuoyn oTnv etmiAucn TTpoBAAUATOC.

11.E0peon  OAOKANPWHATWY  TPIYWVOUETPIKWY  OUVAPTACEWV  PE  XPron
TPIYWVONETPIKWY PETAOXNMUOTIOPWY Kal EQapuoyn oTnv €TTiAucn TTPoBARNaTOC.
12.EUpeon oAOKANPWHATWY pNTWY CUVAPTACEWYV TNG HOPYPNG: ff dx OTTOU f(X) KaI

g(x) aképaia TTOAUWVUPA, PE avaAuon oe dBpolioua aTr)\wv KAQOUATWY Kal
epapuoyn oTnv etmiAucn TTPOBAANATOG.

13.EUpeon avaywylkou TUTTOU OAOKANPWUATWY KAl €QAPUOYR TOUG OTNV ETTIAUCN
TTPORANMATOG.

2e1PEG
1. OpiCouv kal epapuolouv TNV €vvola TNG oEIPAG Kal XPNOIKMOTTOIoUV TO CUUPBOAICHO
Y Kal TIG 1010TNTEG TOU.

2. OpiCouv Tnv ouykAion o€ipdg kal uttoAoyiCouv 10 GBpoioud TnG.
3. TuTtrol Twv €1dIKWV aBpoIoudTwyv

a) Yi-1a =va B) S, = %=1K=%V(V+1)

=YV 3_12 2 _ v 2
V) Sp=¥ioix?=Zvw+1DR2v+1) 8) S3=Xk=1k’ =7V (v+1? = (k=1 k)

KAl EQapuoyn Toug aTnVv €TTiAucn TTPORARUATOC.

4. MéBodoi utToAoyIouOU TOU aBPOIoUATOC MIAg CEIPAGC KAl EQAPUOYR TOUG GTNV
etmiAuon TTPoBARuATOG.

=S?



AvaAuTiki MewpeTpia

A.
1.

KuokAog

OpIOPOG TOU KUKAOU WG YEWMETPIKOU TOTTOU. AIATUTTWON, ATTOdEIEN TNG AVAAUTIKAG
€€iowong Tou KUKAOU KOl KATAOKEUN TNG YPAPIKAG TTAPACTACNG TOU OTIG HOPPEG:

e (x—a)®>+ (y—B)?=R? pekévipo K(a, B) Kail akTiva R

o x2+y?2+2gx+2fy+c=0 Pekévipo K(—g,—f) Kal akTiva R = /g2 + f2 —¢
KAl Epapuoyn oTnv €TmiAucn TTPoBARUATOG.
EUpeon Tou KEVTPOU Kal TNG AKTivag Tou KUKAOU OTav diveTal N §icwan Tou.

EUpeon Tng/Twv egiowong/ocwv TNG/TWV EQATITOUEVWV KAl KABETWY KUKAOU Kal
epapuoyn oTnv etmiAuon TTPoBAANATOC.

©¢on eubciag wg Tpog KUKAo. E@apuoyn otnv tmiAucn TpoARuaToG.
©¢on duo KUKAwvV. E@apuoyn otnv etmiAuon TTpoBAAUATOC.

MnKoG eQaTITOMEVOU TUANATOG, dUvaUN onuUEiou WG TTPOGS KUKAO Kal Béon onueiou
WG TTPOG KUKAO. E@apuoyr otnv etmiAucn TTpoARuaTOG.

. Mapapetpikéc €Clowoelg Tou KUKAou. EUpeon kai e@apuoyry oTnv €TmiAucn

TTPORAAMATOG.
EUpeon NG avaAuTIKNG €i0wong YEWMPETPIKOU TOTTOU O€ TTPORARuaTA.

. MapaBoAn

Opiop6g NG TTaPABOAAG WG YEWMETPIKOU TOTTOU. AIOTUTTWON Kal aTTodEIEn TNG
avaAuTIKAG e€iocwang TG TTapaBoAAS Kal epapuoyn oTnv eTmiAucn TTPoBAANATOC.
AvoAuTikn €€iowon TNG TTAPOBOAAC y? = 4ax WG YEWMETPIKOU TOTTIOU ME
dieuBeTovoa x + a = 0 kal €oTia E(a,0), a € R—{0}. Alardtrwon, amodeign Kal
epapuoyn otnv etmiAucn TTPORAANATOG.

. AvaluTikr] e€iowon TNG TAPABOAAC x? = 4ay WG YEWMETPIKOU TOTIOU e

dleuBetovoa y + a = 0 kal eoTia E(0,a), a € R—{0}. Aiardmrwon, amrédeign Kai
epapuoyn oTnv emmiAucn TTPOoRARPaATOG.

KaTaoKeur TwV YPaQIKWV TTOPACTACEWY TWV TTAPABOAWY y? = 4ax KOl

x% = 4ay , e0pECN TWV GTOIXEIWV TOUS KAl EQAPUOYT OTNV £TTIAUCH TTIPORANUATOG.
©@¢on onueiou wg TTPog TTapaBoAr. Egapupoyn otnv ettiAucn TTpoBARNATOC.

©¢on eubciag wg Tpog TTapaBoAr). E@apuoyr otnv mmiAuon TTPORARUATOC.

MapaueTpikéG €EI0WOEIC TNG TTAPABOANG. EUpeon Kal epapuoyry oTnv €mmiAuon
TTPOBANMATOG.
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. EUpeon tng/Twyv eCicwong/ocwyv TNG/TWV EQATTITOPEVWYV KAl KOBETWVY TTAPABOANG Kal

epapuoyn oTnv ettiAucn TTPoBAANATOG.

EUpeon NG avaAuTIKNG €i0wong YEWMPETPIKOU TOTTOU O€ TTPORARuaTa.

‘EAA&IYn

Opiop6g TG 'EAAeIYnG WG yewpueTpikoU TOTTOU. AlaTUTTwon, ammodeitn 1ng
avaAuTIKNAG e€icwang NG ‘EAAeIYnG Kai scpappoyr] oTnv €miAuon TTPORARUATOC.

. AvoAuTIKA €giowon Tng 8)\)\£Il.pl']§ + —=1, (a>f) WG YEWUETPIKOU TOTTOU ME

ﬁZ
eotieg E(y,0) kai E'(—y,0) «xai aepowpa QTTOOTACEWYV TUXQAiOU Onueiou NG
ENEIYNG aTTo TIG €0TiEG E Kal E’ i00 Pe 2a . AlaTUTTWON, OTTOOEIEN KAl EQAPUOYN
oTnVv €TmiAucn TTPOoRAAUATOG.

. AvaAuTikA e€iowon Tng s)\)\eupr]g = + —=1, (a <f) WG YEWUETPIKOU TOTTOU ME

ﬁZ
eoTieg E(0,y) kai E'(0,—y) Kai aep0|0pa ATTOOTACEWY TUXAiOU OnuEiou TNG
ENEIYNG aTTd TIG €0TieC E Kal E’ ioo e 28 . Alat0tmwaon, atmmodein Kal eQapuoyn
oTnv €TmiAucn TTPORAAUATOG.

Kartaokeur TnG ypa@ikKAG TTapdoTaong Kal oToixeia tng EAAelwng ue e€iowon
xZ y2

poR

5= 1 6tav a>f | a<B Kal Epapuoyn oTnv €TmiAucn TTPoRAAUATOG.

. Atrootdoelg Tuxaiou onueiou T(x1,y;1) TNG EAAEIYNG aTTO TIG €0TiEG TNG E Kau E' .

EUpeon, ammddeign kai epappoyni otnv emiAucn TTPoRAANATOC.

I6|c'>Tr]T0( Tou Adyou Twv QaTMOOTACEWV TuXaiou onueiou NG  €AAeIYng
— + F =1, a> B,amd TNV €0Tia E Kal TNV €uBeia x —% = 0 (dieubeToUO) 1) ATTO
TNV €oTia E’” ka1 TV €uBgia x +%= 0 . AlarUTTWON KAl EQapPOyr OTNnV ETTIAUCN
TTPOBAAMATOG.

.I6|c'>Tr]T0( Tou Adyou Twv QTMOOTACEWV TuXaiou onueiou TNG  EANAEIYNG

— + F =1, a < B,amd TNV eoTia E Kal TNV euBgia y — é = 0 (dieubeTovoq) 1) ATTO

TNV €o0Tia E’ kal Tnv €uBeia y +§= 0 . AlaTUTTWON KAl EQapPOyR OTnV ETTIAUCN
TTPOBAAMATOG.

©¢on onueiou wg TTPog EAeIwn. E@apuoyn otnv etmiAucn TTPoBAANATOG.

©¢on eubciag wg mpog EAAeIwn. Egappoyr otnv eTTiAucn TTPORARPATOG.

10. MNapapeTpikég e€lowoelg TNG EAAEIYNG. (x = aovvl, y = Bnub étou 0 < 0 < 2m).

EUpeon kal epapuoyn otnv €TmiAuan TTPoRARUATOC.

11.Eupeon TnG/Twv egicwong/cewv TNG/TwV €QATITOPEVWYV KAl KABETWY ‘EAAEIWnG Kal

epapuoyn otnv etmiAucn TTPORAANATOG.

12.EUpeon TG avaAuTIKAG £€iI0WONG YEWUETPIKOU TOTTOU O€ TTPORARUATA.



Znueiwon: BonBrnuara yia Toug utroyn@ioug Ba putropoucav va gival Kal Ta TTIo KATw:

1. Ma@npartikda I’ Aukeiou KareoBuvong, A’ Teuxog, YAIT 2019
2. Ma@nuaTtika I’ Aukeiou KateuBuvong, B’ Teuxog, YAl 2019
3. MalnuaTtikd I’ Aukeiou KateuBuvong, I’ Teuxog, YAIT 2019



TYNMOAOINO MAGHMATIKQN A TIZ MATKYMNPIEZ EZEETAZEIZ

1. ZTATIOTIKNA

v K K
> (x5 —x%)? % fi(x; — %)? Y fix{
_ |i=1 . i=1 _ i= 2
° \ no Vv v x5
K
Omov v = Zfi
i=1
Lyy — VXY

= ————, OToU %, = X;y; + Xp¥, + =+ + X
VSXSy Xy 1¥1 2Y2 vYv

2. TpiywvopeTpia
nu(A + B) = nuAovuvB + cuvAnuB

ouv(A + B) = ouvAcouvB + nuAnuB
2npa-ovvB = nu(a — B) + nu(a + B)
2ouvva-ouvvf3 = ocuvv(a — B) + cuvv(a + B)

2npaenpf = ovv(a — ) — ovv(a + f)

Nu2a = 2nua-ocuva ovv2a = ouvia — npla
2 1-ouvv2a 2 1+ovvia
nula= ouvia=
2 2
20 = = ouv2a = 128 t = e@a
e =170 T o142 ~ ¢

A+B A—-B
NUA +nuB = 2nu ouv

2 2
A—B A+B
MUA —MuB = 2np——ow—
A+B A—B
ouvA + ocuvvB = 2 ouv > ouvv >
B—A A+B

O0UVA — ouvB = 2 nu > ny >



AUON TPIYWVOUETPIKWYV ESICWOEWV:

2¢& Joipeg Z¢& aKTivia
x=360%+a R X=2mK+ a N
NHUX = Npa
X = 360°k + 180° — q, KeZ X=2TK+T—0a, KeZ
OUVX = ouva X = 360°kta, keZ X = 2TK=*aq, KeZ
EPX = QU x=180°k+ a, keZ X =K+ q, KeZ
3. lNewpeTpia
Opeé 1Tpi0pa En = HBU V= EBU
. . 1 Eg.v
Kavovikr Mupapida Er = 5 gh V= BT
KOAIVSpOC E, = 2mRu V = mR%v
2
Kwvog E. = mRA V= “2 v
] i ™ 5
KoAoupog Kwvog E.=m(R+p)A V= 3 (R“+Rp + p9)
3
Z@aipa E = 4mR? = 41T3R

4. AvaAuTiki MewpeTpia

ATT60TOON TWV ONUEIWY A(Xy, Y1) KO B(Xp,¥2):  d=+/(x3 — %)% + (¥, — y1)?

_ |AX1+BY1+F|

AmréoTaon Tou onueiou A(xy,y;) o110 TnVv eubeiac Ax + By +I'=0: d N

‘EMegn
—+==1 y=,a2-03% a>p

Eotieg (£ vy,0), AicubeTouoeg x = ig,

1<

Ekkevipdtnta & =

o



5. Napdaywyol

(u)’_u’-v—u-v’ dy dy du

u-v)=u-v+u-v —_— =
(u-v) v2 dx du dx

1
(Mux)" = ovvx (ovvx)' = —nux (epx)’ = Tep®x (Inx)' = "

6. OAOKANnpwWUaATO

X
ftsux dx = In|tepx + e@x| + ¢ f otepx dx = In |scp §| +c
dx X dx 1 X
.f——o@ — = Toinua+ c f—az T2 atoiscp a+ c

7. ATTA6g TOKog

_ KEX

100
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